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Abstract

Model predictive control (MPC) provides a principled framework for real-time decision mak-
ing under dynamics and constraints, and has become a central tool in robotics for agile tra-
jectory tracking, disturbance rejection, and safety-critical control. However, many robotic
platforms of practical interest, including nano-aerial vehicles and other edge robotic sys-
tems, operate under severe limits on memory, compute, and power. These constraints
make expressive optimization-based controllers difficult to deploy when real-time perfor-
mance, robustness, and safety guarantees are required simultaneously. This thesis studies
structure-exploiting embedded optimization methods that extend cached Riccati-based MPC
solvers for resource-constrained robotic systems. Building on first-order alternating direc-
tion method of multipliers (ADMM) solvers and offline caching, this thesis develops three
complementary contributions. First, we develop conic extensions of embedded MPC solvers
that support second-order cone constraints, allowing richer modeling of thrust, friction, and
glideslope constraints while retaining real-time deployability on microcontrollers. Second, we
present a semidefinite programming framework for embedded MPC that enables certifiable
obstacle avoidance through lifted convex relaxations and an a posteriori rank-1 safety certifi-
cate. Third, we introduce First-Order Adaptive Caching, a sensitivity-based method for up-
dating cached solver quantities online as the ADMM penalty parameter changes, improving
convergence without sacrificing caching benefits. Together, these methods expand cached
embedded MPC along three dimensions: expressiveness, safety, and robustness. Across
simulation, microcontroller benchmarks, and Crazyflie hardware experiments, the result-
ing solvers demonstrate improvements in constraint handling, solve time, and safety-critical
behavior under aggressive and dynamically changing conditions.
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Chapter 1

Introduction

Robotics has evolved from early industrial manipulators in the mid-twentieth century to
highly autonomous systems capable of complex perception, reasoning, and control [1]. Re-
cent advances in large-scale learning models, including vision-language-action (VLA) sys-
tems, have significantly expanded a robot’s ability to perform dexterous manipulation, agile
locomotion, and long-horizon decision making. These systems demonstrate impressive per-
formance in controlled environments and on compute-rich platforms, and have broadened
expectations for what robotic systems can achieve in manipulation, navigation, and human-
robot interaction. At the same time, the gap between demonstration and deployment remains
substantial. Many of the most impressive learning-based robotic systems rely on large mod-
els, high-throughput sensing pipelines, or heavy compute stacks that are difficult to translate
directly to physical platforms with strict latency, power, and memory budgets. As a result,
the challenge is no longer only how to make robots more capable in idealized settings, but
how to make them capable, reliable, and safe on the hardware that real robots can actually
carry.

Despite the recent progress in robotics, a fundamental bottleneck remains: real-time de-
ployment on resource-constrained robotic platforms. Many real-world applications, includ-
ing space exploration, underwater vehicles, subterranean robots, and micro aerial vehicles,
operate under strict constraints on memory, power, and onboard computation. In such en-
vironments, reliance on cloud computation, radio offloading, or heavy hardware stacks is
either unreliable or infeasible from both safety and efficiency perspectives. Communication
delays, intermittent connectivity, and harsh operating conditions can make offboard infer-
ence or planning unavailable, exactly when it is most needed. Meanwhile, increasing onboard
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compute is not always a viable solution for small robots, since additional processors increase
mass, power draw, thermal burden, often degrading flight time, agility, or overall system
reliability. Bridging the gap between high-performance autonomy and embedded deploy-
ment therefore remains a central challenge. This challenge is not purely one of hardware
miniaturization, but equally a problem of algorithm design. Methods that perform well on
desktops, GPUs, or server-class compute may fail to meet the timing, memory, or numerical
constraints of embedded robotic systems.

Model Predictive Control (MPC) provides a principled framework for real-time decision
making under constraints, enabling obstacle avoidance, trajectory tracking, and disturbance
rejection in safety-critical systems [2], [3], [4]. By repeatedly solving a finite-horizon op-
timization problem online, MPC can reason explicitly about system dynamics, input and
state limits, and performance objectives while adapting to the current state of the robot.
This combination of feedback, prediction, and constraint handling makes MPC especially
attractive for robotics, where dynamic feasibility and safety often matter as much as raw
task performance. However, classical MPC solvers often require computational resources
that exceed the capabilities of microcontrollers and lightweight embedded processors [5],
[6], [7]. Even when the underlying optimization problem is convex, achieving the required
control rates onboard small platforms remains difficult due to the cost of repeated linear
algebra, the need for deterministic timing, and the limited availability of memory for storing
factorizations, workspace buffers, and intermediate iterates. In practice, this often forces a
tradeoff between optimization fidelity and real-time feasibility.

While there exist examples of intelligent behaviors deployed on such platforms, these ap-
proaches often rely on offline computation or precomputed policies [8], [9], [10], [11], [12],
[13]. These methods can be extremely effective when the environment is well structured or
when the operating distribution is tightly controlled, but they can lose flexibility once the
robot encounters novel disturbances, shifting constraints, or geometric situations that were
not explicitly encoded ahead of time. In contrast, optimization-based control retains the
appealing ability to respond online to new states and constraints, provided that the opti-
mization can be carried out fast enough in real-time which often is not guaranteed. This
observation motivates a central question of this thesis: how can one preserve the expres-
siveness, adaptivity, and safety benefits of online optimization while respecting the severe
resource limits of embedded robotic hardware?

Recent advances in embedded optimization libraries, including OSQP [18], CVXPYGEN [24],
SCS [19], and ECOS [16], have improved the practical deployment of convex optimization
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Table 1.1: Comparison of general-purpose and model predictive control solvers.

Solver SOC Warm Starting Embedded Open Source Quad. Obj.
MPC

Tailored
Clarabel [14] ✓ ✗ ✗ ✓ ✓ ✗
COSMO [15] ✓ ✓ ✗ ✓ ✓ ✗
ECOS [16] ✓ ✗ ✓ ✓ ✗ ✗

MOSEK [17] ✓ ✗ ✗ ✗ ✓ ✗
OSQP [18] ✗ ✓ ✓ ✓ ✓ ✗
SCS [19] ✓ ✓ ✓ ✓ ✓ ✗

FORCESPRO [20] ✗ ✓ ✓ ✗ ✓ ✓
ALTRO-C [21] ✓ ✓ ✗ ✓ ✓ ✓

acados [22] ✗ ✓ ✗ ✓ ✓ ✓
HPIPM [23] ✗ ✓ ✗ ✓ ✓ ✓
TinyMPC [5] ✗ ✓ ✓ ✓ ✓ ✓

on constrained hardware. At the same time, existing solvers often trade off key capabilities
such as second-order cone support, warm starting, embedded deployability, and specialization
for MPC. As summarized in Table 1.1, there remains a clear gap between general-purpose
conic solvers and structure-exploiting MPC-tailored solvers designed for resource-constrained
robotic platforms. In particular, TinyMPC [5] demonstrated that constrained quadratic
MPC problems can be solved at high control rates on microcontrollers by combining first-
order methods with offline structure exploitation and caching, but richer constraint classes
and stronger safety guarantees remain important open directions.

This thesis builds upon that foundation. We develop structure-exploiting extensions of
Riccati-based MPC solvers to enable increasingly expressive and robust real-time control on
embedded platforms. The guiding premise is that embedded robotic optimization should
not be approached by merely compressing desktop solvers until they fit on small devices.
Instead, one should design algorithms whose update rules, memory footprints, and numerical
operations are intrinsically compatible with embedded deployment. In receding-horizon con-
trol, successive optimization problems share dynamics matrices, sparsity patterns, constraint
templates, and often similar local operating regimes. These recurring structures create oppor-
tunities for warm-starting, precomputation, cached factorizations, tailored operator-splitting
updates, and specialized linear-time recursions. When exploited carefully, such opportunities
can reduce both computation time and memory use without giving up the central advan-
tages of optimization- based control. Figure summarizes the central theme of this thesis:
starting from cached embedded MPC, we develop increasingly expressive and robust solver
extensions that enable adaptive, conic, and certifiably safe control on resource-constrained
robotic platforms.
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Resource-Constrained Robot
Tiny aerial vehicle / embedded platform

Embedded MPC Solver
ADMM + Riccati recursion + caching

Conic Constraints
richer physical modeling

Adaptive Caching
faster convergence

Semidefinite Safety
certifiable obstacle avoidance

Efficient, Robust, Expressive, and Safe Control
real-time autonomy on embedded robotic systems

Thesis Contributions

Figure 1.1: Overview of the thesis. This thesis studies structure-exploiting embedded
model predictive control for resource-constrained robots. Starting from cached Riccati-based
ADMM solvers, we develop methods for adaptive caching, conic constraint handling, and
semidefinite relaxations for certifiable safety, enabling increasingly expressive and robust
real-time control on embedded robotic platforms.

Specifically, we introduce conic extensions for richer constraint modeling, semidefinite re-
laxations for certifiable collision avoidance, and adaptive caching mechanisms for improved
convergence. These contributions address three important limitations in current embedded
MPC pipelines. First, conic extensions broaden the expressive power of embedded MPC
by enabling richer representations of actuator bounds, frictional interactions, thrust limits,
attitude constraints, and other safety- or physics-driven requirements that are awkward or
inaccurate to capture using only standard quadratic-programming formulations. Second,
semidefinite relaxations provide a pathway toward stronger geometric reasoning and certifi-
able collision avoidance on resource-constrained platforms, extending embedded optimization
into problem classes that are traditionally viewed as too computationally expensive for on-
board use. Third, adaptive caching improves solver robustness and efficiency by allowing
online updates to important numerical parameters without sacrificing the computational
advantages of precomputation, reducing iteration counts and improving responsiveness in
streaming control settings where problems evolve gradually over time.

Together, these contributions advance the feasibility of safe, agile, and autonomous operation
on resource-constrained robotic systems. More broadly, they support a wider argument:
progress in embedded robotics will depend not only on better perception models or faster
processors, but also on solver architectures that are aware of structure, respectful of hardware
limits, and capable of enabling robust and adaptable behaviors in mathematically principled
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ways. As robotic systems continue moving into smaller, cheaper, and more distributed
platforms, the importance of such algorithmic design choices will increase. Rich optimization
models are useful only to the extent that they can be solved within the control loop, under
the timing and memory constraints imposed by the robot itself.

This thesis therefore studies embedded optimization not as a narrow implementation prob-
lem, but as a core robotics problem. The goal is to expand the class of optimization-based
controllers that can be executed in real time on physical systems with limited resources,
while preserving the safety, robustness, and modeling expressiveness that make optimization
based methods attractive in the first place. In this sense, the work sits at the intersection of
control, optimization, and systems design. It is concerned not only with what controller one
would like to run in theory, but with what controller can be realized reliably on the hardware
available in practice. By pushing beyond basic quadratic formulations, and towards richer
conic and semidefinite models, while retaining the efficiency needed for embedded execution,
this thesis aims to narrow the longstanding gap between modern optimization methods and
deployable robotic autonomy.

This thesis consolidates the following works completed during the author’s Master’s studies
at Columbia University:

1. Ishaan Mahajan, Jon Arrizabalaga*, Andrea Grillo*, Fausto Vega*, James Anderson†,
Zachary Manchester†, and Brian Plancher. TinySDP: Real-Time Semidefinite Opti-
mization for Certifiable and Agile Edge Robotics. In Robotics: Science and Systems
(RSS), 2026.

2. Ishaan Mahajan*, Khai Nguyen*, Sam Schoedel*, Elakhya Nedumaran, Moises
Mata, Brian Plancher, and Zachary Manchester. Code Generation and Conic Con-
straints for Model-Predictive Control on Microcontrollers with Conic-TinyMPC. In
IEEE International Conference on Robotics and Automation (ICRA), 2026.

3. Ishaan Mahajan and Brian Plancher. Robust and Efficient Embedded Convex Op-
timization through First-Order Adaptive Caching. In IEEE/RSJ International Con-
ference on Intelligent Robots and Systems (IROS), 2025.

The remainder of this thesis is organized as follows. Chapter 2 reviews the background in
robotics, optimization, and embedded control needed for the rest of the thesis. Chapter 3
studies constrained optimization formulations relevant to embedded MPC and motivates the
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need for richer modeling tools like the addition of conic constraints. Chapter 4 focuses on
robot safety and richer constraint representations, particularly semidefinite formulations for
safer real-time control . Chapter 5 develops methods for improving solver robustness and
efficiency, with an emphasis on adaptive caching and structure-aware first-order methods.
Finally, Chapter 6 concludes with a summary of the thesis and Chapter 7 lists down the
directions for future work.
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Chapter 2

Background

2.1 Linear Quadratic Regulation

The linear–quadratic regulator (LQR) is a classical optimal control problem in which a
quadratic objective is minimized subject to linear or affine dynamics [25]. Because it admits
an analytical backward recursion and can be solved efficiently, LQR forms the computational
backbone of many model predictive control (MPC) methods.

2.1.1 Finite-Horizon Formulation

Over a prediction horizon of length N , the finite-horizon LQR problem is written as

min
{x1:N , u1:N−1}

1
2x⊤

NQNxN + q⊤
NxN

+
N−1∑
k=1

(1
2x⊤

k Qkxk + q⊤
k xk + 1

2u⊤
k Rkuk + r⊤

k uk

)
s.t. xk+1 = Akxk + Bkuk + ck, k = 1, . . . , N − 1,

(2.1)

where xk ∈ Rn denotes the state and uk ∈ Rm the control input at time step k. Here,
Ak ∈ Rn×n is the discrete-time state-transition matrix, Bk ∈ Rn×m is the discrete-time input
matrix, and ck ∈ Rn is an affine offset. The matrices Qk ⪰ 0, QN ⪰ 0, and Rk ≻ 0 weight
the state and input penalties, while qk and rk introduce linear cost terms.
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2.1.2 Optimal Feedback Structure

The finite-horizon LQR problem can be solved by dynamic programming [25]. The optimal
control law admits an affine state-feedback form

u⋆
k = −Kkxk − dk, (2.2)

where Kk is the feedback gain and dk is an affine correction term that captures the effect of
linear cost terms and affine dynamics.

2.1.3 Discrete-Time Riccati Recursion

To derive the control law, the value function is parameterized as

Vk(xk) = 1
2x⊤

k Pkxk + p⊤
k xk.

Starting from the terminal conditions

PN = QN , pN = qN ,

the backward Riccati recursion becomes

Kk = (Rk + B⊤
k Pk+1Bk)−1(B⊤

k Pk+1Ak),
dk = (Rk + B⊤

k Pk+1Bk)−1
(
B⊤

k pk+1 + rk + B⊤
k Pk+1ck

)
,

Pk = Qk + K⊤
k RkKk + (Ak −BkKk)⊤Pk+1(Ak −BkKk),

pk = qk + (Ak −BkKk)⊤ (pk+1 − Pk+1Bkdk + Pk+1ck) + K⊤
k (Rkdk − rk).

(2.3)

This recursion propagates the quadratic and linear terms of the cost-to-go backward through
the horizon, after which the optimal control sequence can be recovered directly.

2.1.4 Infinite-Horizon LQR

For time-invariant systems, the Riccati recursion converges to a steady-state solution P∞

satisfying the discrete-time algebraic Riccati equation (DARE) [25]. The corresponding

8



constant feedback gain is

K∞ = (R + B⊤P∞B)−1B⊤P∞A. (2.4)

This infinite-horizon structure is particularly important in embedded MPC, where the steady-
state quantities K∞ and P∞ can be used to approximate the time-varying backward pass
and thereby reduce online computation.

2.2 Convex Model Predictive Control

Model predictive control repeatedly solves a finite-horizon optimal control problem online
using the current state estimate as the initial condition. In convex MPC, the system dy-
namics are linear or affine and the objective and constraints are convex, enabling globally
optimal solutions to be computed efficiently in real time.

2.2.1 Problem Formulation

A generic convex MPC problem can be written as

min
x1:N , u1:N−1

J(x1:N , u1:N−1)

s.t. xk+1 = Akxk + Bkuk + ck, k ∈ [1, N),
xk ∈ X , uk ∈ U , k ∈ [1, N),

(2.5)

where X and U are convex constraint sets on the state and input trajectories.

Because both the objective and feasible set are convex, the resulting optimization problem
has no spurious local minima and can be solved reliably using modern numerical optimization
methods. This has made convex MPC a standard tool for real-time control in safety-critical
robotic systems, including rocket landing [26], legged locomotion [27], and autonomous driv-
ing [28].
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2.2.2 Quadratic Programs

If the constraints are described solely by linear equalities and inequalities, then (2.5) reduces
to a quadratic program (QP). In standard form, a QP is written as

min
x∈Rn

1
2x⊤Px + q⊤x s.t. Gx ≤ h, (2.6)

where P ⪰ 0.

2.2.3 Second-Order Cone Programs

If the problem also includes second-order cone constraints, then the MPC subproblem be-
comes a second-order cone program (SOCP), which can be written in the conic form

min
x∈Rn

1
2x⊤Px + q⊤x

s.t. Gx ≤ h,

x ∈ K,

(2.7)

where K is a Cartesian product of convex cones. SOCPs increase the expressive power of
convex MPC by allowing norm bounds, robust constraints, and certain safety constraints to
be represented directly [29], [30].

2.3 Alternating Direction Method of Multipliers

The alternating direction method of multipliers (ADMM) is a first-order method for solving
structured convex optimization problems [31]. Its appeal in MPC comes from the fact that
it decomposes a constrained problem into computationally simple substeps that can exploit
problem structure.

Consider the generic problem
min

x
f(x)

s.t. x ∈ C,
(2.8)

with convex objective f and convex feasible set C. Introducing a slack variable z and the
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indicator function IC(z) yields the equivalent splitting

min
x,z

f(x) + IC(z) s.t. x = z. (2.9)

The augmented Lagrangian is then

Lρ(x, z, λ) = f(x) + IC(z) + λ⊤(x− z) + ρ

2∥x− z∥2
2, (2.10)

where λ is the dual variable and ρ > 0 is the penalty parameter. ADMM alternates between
the three updates

x+ = arg min
x

Lρ(x, z, λ), (2.11)

z+ = arg min
z

Lρ(x+, z, λ), (2.12)

λ+ = λ + ρ(x+ − z+). (2.13)

These steps are repeated until primal and dual residuals satisfy a desired termination crite-
rion [31].

In the context of QPs and SOCPs, the primal update solves a structured linear system, the
slack update performs a projection onto the constraint set or cone, and the dual update is
a simple vector addition. This decomposition has made ADMM-based solvers particularly
attractive for real-time embedded optimization [18], [19].

2.4 Caching-Based Embedded MPC

Caching-based embedded MPC [5] exploits the structure of the ADMM primal update to
move much of the expensive Riccati computation offline. Rather than solving the full time-
varying recursion (2.3) online, TinyMPC uses a fixed discrete-time linearization

xk+1 = Axk + Buk + c,

where A ∈ Rn×n is the state-transition matrix, B ∈ Rn×m is the input matrix, and c ∈ Rn is
an affine offset. For sufficiently long horizons, the Riccati recursion approaches the infinite-
horizon LQR solution [25], and TinyMPC assumes that the steady-state quantities K∞ and
P∞ adequately approximate the time-varying values Kk and Pk.
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Under this approximation, the repeated matrix expressions in the backward pass become
constant and can be precomputed offline. In particular, one can cache

C1 = (R + B⊤P∞B)−1,

C2 = (A−BK∞)⊤,

C3 = C1B
⊤P∞c,

C4 = C2P∞c.

(2.14)

The first two terms are the standard cached quantities used in TinyMPC, while C3 and C4

arise when the affine dynamics include the constant offset c.

Substituting the fixed quantities A, B, c, K∞, P∞ into the affine Riccati recursion yields the
simplified backward pass

dk = C1(B⊤pk+1 + rk) + C3,

pk = qk + C2pk+1 −K⊤
∞rk + C4.

(2.15)

To see this, first rewrite the affine offset term as

dk = (R + B⊤P∞B)−1︸ ︷︷ ︸
C1

(
B⊤pk+1 + rk + B⊤P∞c

)

= C1(B⊤pk+1 + rk) + C1B
⊤P∞c︸ ︷︷ ︸
C3

.
(2.16)

Similarly,

pk = qk + (A−BK∞)⊤︸ ︷︷ ︸
C2

(pk+1 − P∞Bdk + P∞c) + K⊤
∞(Rdk − rk)

= qk + C2pk+1 −K⊤
∞rk + C2P∞c︸ ︷︷ ︸

C4

+
(
K⊤

∞R− C2P∞B
)

︸ ︷︷ ︸
= 0

dk.
(2.17)

The final dk coefficient vanishes because

K⊤
∞R− C2P∞B = K⊤

∞R− (A−BK∞)⊤P∞B

= K⊤
∞(R + B⊤P∞B)− A⊤P∞B

= 0,

(2.18)

where the last equality follows from

K∞ = (R + B⊤P∞B)−1B⊤P∞A
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and the symmetry of P∞ and R+B⊤P∞B. As a result, the backward pass reduces to matrix–
vector products only, lowering the per-iteration complexity of the primal update from O(n3)
to O(n2). This separation between offline precomputation and lightweight online updates
is what makes caching-based MPC especially attractive for resource-constrained embedded
platforms.

2.5 Semidefinite Programming

Semidefinite programs (SDPs) generalize linear, quadratic, and second-order cone programs
by optimizing over the cone of positive semidefinite matrices. They are central to many
convex relaxations of nonconvex control and robotics problems, including trajectory opti-
mization, sum-of-squares programming, and safety verification [32], [33], [34], [35], [36], [37],
[38].

A key use of SDPs in robotics is the lifting of nonconvex quadratic constraints into a higher-
dimensional matrix space, where they become linear at the cost of relaxing a rank constraint.
For example, let pk ∈ R2 denote the planar position extracted from the state xk ∈ Rn. The
disk avoidance constraint

∥pk − cj∥2
2 ≥ r2

j (2.19)

is nonconvex in pk. Introducing the lifted matrix

Pk = pkp⊤
k

replaces quadratic terms in pk by expressions linear in Pk, while the consistency condition 1 p⊤
k

pk Pk

 ⪰ 0 (2.20)

enforces a convex semidefinite relaxation. If the lifted matrix is rank one, the relaxation is
exact; dropping the rank constraint yields a tractable SDP.

This lifting mechanism is especially relevant for obstacle avoidance, where nonconvex ge-
ometry can be relaxed into convex semidefinite constraints that are amenable to first-order
optimization methods. In the chapters that follow, this perspective is used to extend em-
bedded MPC beyond QPs and SOCPs toward certifiable semidefinite safety constraints.
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Chapter 3

Constrained Optimization

The previous sections introduced the optimization and control foundations underlying this
thesis, including convex MPC, ADMM-based splitting, and caching-based embedded solvers.
Together, these tools enable efficient real-time control on resource-constrained platforms,
but the class of constraints supported by the controller remains a key limitation. In many
robotic systems, safety and performance requirements cannot be expressed using only box or
linear inequality constraints. Instead, they naturally involve norm bounds, thrust envelopes,
friction cones, and geometric constraints that are more accurately modeled using second-
order cones. Extending embedded MPC to support such richer constraint classes is therefore
an important step toward deploying expressive optimization-based control on physical robots.

In this section, we show that the projection-based structure of ADMM makes such an exten-
sion especially natural. By preserving the Riccati-based primal update and modifying only
the slack projection step, one can incorporate both linear and second-order cone constraints
while retaining the computational structure needed for embedded execution. We study this
idea through Conic-TinyMPC, a conic extension of TinyMPC that supports efficient embed-
ded MPC with richer constraint modeling on microcontrollers.

3.1 Integrating Conic and Linear Constraints

Real-world robotics and aerospace control problems routinely require constraints beyond
simple box bounds. Friction cone feasibility, thrust limits, attitude constraints, and obstacle
avoidance all give rise to second-order cone or more general conic constraints [39], [40],
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[41]. While such constraints substantially increase the expressive power of the controller,
they are often viewed as too computationally expensive for embedded deployment. This is
particularly true on microcontrollers, where memory, latency, and numerical simplicity are
all tightly constrained.

A key advantage of the ADMM framework introduced in Section 2.3 is that constraint han-
dling is isolated entirely to the slack update (2.12), which takes the form of a projection onto
the feasible set C. Any convex set admitting a computationally efficient projection operator
can therefore be incorporated without modifying the primal or dual updates. This is espe-
cially attractive in embedded control, where preserving a simple solver structure is essential
for predictable runtime, low memory overhead, and compatibility with cached Riccati-based
updates. Crucially, many convex sets relevant to robotics admit simple or highly structured
projection operators [42].

3.1.1 Method

3.1.1.1 Linear Constraints

The simplest case is projection onto a hyperplane H = {x : ⟨x, a⟩ = b}, which has the closed
form

ΠH(z) = z − ⟨z, a⟩ − b

∥a∥2 a. (3.1)

For the common case of variable bounds (l, u), such as position, velocity, or control limits,
this reduces to an elementwise clipping operation:

Πl,u(z) = max(l, min(u, z)). (3.2)

Because this operation is separable across coordinates and requires only a few comparisons
per element, it is particularly attractive for embedded implementations.

3.1.1.2 Second-Order Cone Constraints

The second-order (Lorentz) cone is defined as

K =
{

z ∈ Rn

∣∣∣∣ zn ≥
√

z2
1 + · · ·+ z2

n−1

}
, (3.3)
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and arises naturally in thrust, friction, and norm-bound constraints. Writing v = [z1, . . . , zn−1]⊤

and a = zn, the projection onto K also admits a closed form:

ΠK(z) =



0, ∥v∥2 ≤ −a,

z, ∥v∥2 ≤ a,

1
2

(
1 + a

∥v∥2

) v

∥v∥2

 , ∥v∥2 > |a|.

(3.4)

The three cases correspond respectively to the point lying in the polar cone, the point already
lying inside the cone, and the generic case in which the point must be interpolated onto the
cone boundary. Because this projection is a closed-form algebraic operation with linear-time
cost in the cone dimension, it avoids the expensive factorizations typically associated with
generic interior-point treatments of conic constraints, while preserving the computational
advantages of the caching-based approach described in Section 2.4.

In principle, the same pattern extends to other convex cones. For example, projection onto
the positive semidefinite cone requires an eigendecomposition, followed by zeroing out neg-
ative eigenvalues [42]. While this operation is substantially more expensive than projection
onto box or second-order cone constraints, it follows the same ADMM design principle: all
constraint complexity remains localized to the slack update. We revisit this idea in the
context of semidefinite optimization in Section 4.1.

These projection operators form the basis of Conic-TinyMPC [43]’s constraint-handling
mechanism. By preserving the Riccati-based primal update and modifying only the pro-
jection step, the solver can support a broader class of convex constraints without sacrificing
the structure that enables efficient embedded execution. The key practical question, however,
is whether this additional modeling expressiveness can be achieved while retaining the speed
and memory efficiency required for real-time control on microcontrollers. We evaluate this
next through both microcontroller benchmarks and fully onboard quadrotor experiments.

3.2 Code Generation

To make Conic-TinyMPC [43] practical for embedded deployment, we developed a code-
generation framework with Python, MATLAB, and Julia interfaces that produces dependency-
free C++ solver code. This allows users to formulate and test constrained MPC problems in a

16



import tinympc
# Create the solver object
solver = tinympc.TinyMPC()
# Initialize the solver
solver.setup(N, A, B, c, Q, R, bnds, socs, options)
# Generate code
solver.codegen(output_dir)

Listing 3.1: A minimal Python script to generate MPC problem code.

import numpy as np
import tinympcgen
# Set initial state
ALGNAMECODEPKGGEN.set_x0(np.array([0.5, 0, 0, 0]))
# Solve the problem
solution = tinympcgen.solve()
# Get the solution
controls = solution["controls"]

Listing 3.2: An example Python script to run the generated code.

#include "tinympc.hpp"
#include "tiny_data_workspace.hpp"
int main(int argc, char **argv) {

tiny_solve(&solver); // Solve the problem
return 0;

}

Listing 3.3: A C++ program that loads the problem data from tiny_data_workspace.hpp
and solves the problem.

// Update initial/feedback state
tiny_set_x0(&solver, x0_new);
// Update trajectory reference
tiny_set_x_ref(&solver, xref_new);
// Update Bounds
tiny_set_bound_constraints(&solver, xmin_new, xmax_new, umin_new, umax_new);

Listing 3.4: Directly updating parameters of the MPC problem in C++.
<proj dir>

include
Eigen

tinympc
[*.hpp]
[*.cpp]

src
tiny data workspace.cpp
tiny main.cpp

Figure 3.1: The tree structure of the generated code. The main program is stored in
tiny main.cpp.

high-level language and then deploy compact problem-specific solvers on microcontrollers. In
this thesis, we focus on the Python interface, though the workflow is nearly identical across
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all three languages.

Listing 3.1 shows the basic generation workflow. The setup function initializes the horizon
length N , system model (A, B, c), cost matrices (Q, R), linear and conic constraints, and
solver options such as tolerances and maximum ADMM iterations. The codegen function
then generates tailored C++ code for the specified problem instance.

The generated solver may be compiled either for a host machine for rapid testing or for an
embedded target. Listing 3.2 shows how the generated library can be loaded and solved
in a desktop workflow, while still supporting updates to initial conditions and reference
trajectories through wrapper functions such as set_x_ref, set_u_ref, and set_x0. These
same interfaces have corresponding C++ counterparts for online use on embedded hardware.

Figure 3.1 shows the structure of the generated C++ output. Solver source files and headers
are placed in the tinympc subdirectory, while an example driver program is provided in
tiny_main.cpp. As shown in Listing 3.3, this program imports the generated workspace
data from tiny_data_workspace.hpp and solves the resulting MPC problem. The generated
implementation is compact, dependency-free, and uses static memory allocation, making it
well suited to embedded robotics.

Additional wrapper functions are provided for modifying initial conditions, reference trajec-
tories, and constraint parameters after code generation. Examples are shown in Listing 3.4.
These interfaces preserve the efficiency of problem-specific generated code while exposing
the flexibility required in receding-horizon control.

An important practical feature of the Python interface is that it can also run Conic-TinyMPC [43]
directly in a desktop environment before code generation, allowing users to debug formula-
tions, inspect solver behavior, and tune parameters before deployment. Overall, this code-
generation framework is a key practical component of Conic-TinyMPC [43], bridging the
gap between the structure-exploiting conic solver developed in this chapter and the robotic
hardware used in the following experiments.

3.3 Experiments

We evaluate Conic-TinyMPC [43] through two complementary studies: (i) microcontroller
benchmarks that quantify speed and memory scaling across problem sizes, and (ii) fully
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onboard hardware deployment on a 27 g Crazyflie 2.1 nano-quadrotor. All experiments and
generated solver code are publicly available to ensure reproducibility.

3.3.1 Microcontroller Benchmarks

3.3.1.1 Predictive Safety Filtering (QP)

We first benchmark Conic-TinyMPC on a predictive safety filtering QP with box constraints
on states and controls [44], [45]. This experiment isolates the solver behavior in a stan-
dard quadratic setting, allowing us to evaluate the computational efficiency of the code-
generation and Riccati-based architecture before introducing second-order cone constraints.
Using both solvers’ Python code-generation interfaces, we compare Conic-TinyMPC [43]
against OSQP [18] while varying state dimension and horizon length.

Experiments are executed on an STM32F405 Adafruit Feather board (ARM Cortex-M4,
168 MHz, 1 MB flash, 128 kB RAM), closely matching the Crazyflie 2.1 hardware used in
Section 3.3.2.

Conic-TinyMPC substantially outperforms OSQP in both execution time and memory usage
(Fig. 3.2). For increasing state dimension, Conic-TinyMPC achieves up to 20.4× faster
execution, while for increasing horizon length it achieves up to 7.2× faster execution. Conic-
TinyMPC supports horizons up to N = 100, whereas OSQP exhausts the 128 kB RAM
budget at N = 32. Similarly, Conic-TinyMPC scales to n = 32 states, whereas OSQP
exceeds memory limits beyond n = 28. These results reflect the advantage of exploiting
Riccati structure and static memory allocation rather than relying on more generic sparse
QP machinery.

3.3.1.2 Rocket Soft-Landing (SOCP)

We next evaluate a rocket soft-landing problem with a conic glideslope constraint on thrust
direction. The objective is to reach a target position with near-zero terminal velocity while
satisfying second-order cone constraints. This benchmark directly tests the key capability
introduced by Conic-TinyMPC: efficient online handling of conic constraints on embedded
hardware.
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Figure 3.2: Program size and execution time per iteration for Conic-TinyMPC vs. OSQP,
varying state dimension (left) and horizon length (right).

We compare Conic-TinyMPC [43] against ECOS [16] and SCS [19] generated through CVX-
PYgen [24], with solver tolerances set to 0.01. Experiments run on a Teensy 4.1 [46] (ARM
Cortex-M7, 600 MHz, 7.75 MB flash, 1 MB RAM). Larger memory capacity was required to
fit ECOS and SCS for the largest instances (2301 decision variables, 1530 linear constraints,
255 SOC constraints).

Conic-TinyMPC outperforms both baselines in execution time and memory (Fig. 3.3), achiev-
ing an average speedup of 13.8× over SCS and 142.7× over ECOS. Conic-TinyMPC uses
fully static memory allocation and performs no dynamic allocation at runtime. In contrast,
ECOS and SCS allocate workspaces dynamically via CVXPYgen, leading to RAM exhaus-
tion for larger horizons. ECOS and SCS are limited to N ≤ 64, while Conic-TinyMPC
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Figure 3.3: Memory usage and execution time for Conic-TinyMPC, SCS, and ECOS on the
rocket landing SOCP, varying horizon length.

solves instances up to N = 256. These results show that richer conic constraint modeling
need not come at the cost of losing embedded feasibility when the solver architecture is
designed around problem structure.

3.3.1.3 Early Termination

High-rate real-time control requires a solver to return the best available iterate within a
strict time budget rather than always solving to full convergence. We therefore evaluate all
three solvers under time budgets of 2 ms, 20 ms, 100 ms, and 1000 ms, capping iterations at
the maximum completable within each budget.
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Table 3.1: Solver performance comparison with different solution-time budgets. Within
20 ms (N = 16), the maximum number of solver iterations for ECOS, SCS, and TinyMPC
are 3, 33, and 444, respectively. ECOS was not able to complete a single optimization
iteration within 2 ms.

A. Constraint Violation
Time Budget (ms) 1000 20 10 2

ECOS 0.00 132.63 1757.00 –
SCS 2.04 5.48 10.59 22.84
TinyMPC 0.01 0.01 0.01 4.43

B. Landing Error
ECOS 1.33 629.02 939.26 –
SCS 1.35 1.36 1.37 2.11
TinyMPC 0.87 0.87 0.87 0.87

Under a 20 ms budget, ECOS completes 3 iterations, SCS 33 iterations, and Conic-TinyMPC
completes 444 iterations, corresponding to roughly 11× to 148× higher iteration throughput
for Conic-TinyMPC.

ECOS only converges at the 1000 ms budget and completes zero iterations at 2 ms. SCS
violates constraints across all budgets. Conic-TinyMPC maintains low constraint violation
and landing error at all but the most aggressive 2 ms budget, reducing landing error by 1.6×–
2.4× relative to SCS. This experiment is especially relevant for embedded control, where the
practical value of a solver often depends more on its deadline-limited behavior than on its
asymptotic convergence rate.

3.3.2 Robot Hardware Experiments

We next deploy Conic-TinyMPC onboard the Crazyflie 2.1, a 27 g quadrotor equipped with
an STM32F405 (ARM Cortex-M4, 168 MHz, 192 kB SRAM, 1 MB flash). The 6-DOF dy-
namics are linearized about hover with quaternion attitude representation [47], yielding
n = 12 states and m = 4 motor commands.

Conic-TinyMPC runs at 50 Hz with a maximum of 20 ADMM iterations per control step. A
1 kHz Brescianini inner-loop controller [48] tracks the MPC output, and state estimation is
performed fully onboard using the optical-flow deck.

OSQP, SCS, and ECOS exceed the available MCU memory and cannot be deployed on
this platform. We therefore compare instead against the Brescianini [48] and Mellinger [49]
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controllers included in firmware.

3.3.2.1 Predictive Safety Filtering

We implement a safety-filtering QP with horizon N = 20 and box constraints of ±0.6 m. A
nominal PD controller serves as the reference policy, tracking a 1.2 m-amplitude sinusoidal
trajectory.

The PD controller repeatedly violates the prescribed spatial limits. In contrast, Conic-
TinyMPC enforces the constraints explicitly, decelerating at the boundary and hovering
until the reference re-enters the feasible region.

Figure 3.4: Predictive safety filtering onboard the Crazyflie.

This experiment demonstrates that the same solver architecture can act as a real-time safety
layer for an otherwise unsafe policy while remaining fully deployable on a tiny aerial robot.

3.3.2.2 Conically Constrained Spiral Landing

We replicate a glideslope-constrained landing task [50]. The reference is a descending cylin-
drical spiral, with a 45◦ conic position constraint centered on the spiral axis.

Without the constraint, Conic-TinyMPC tracks the reference closely. With the constraint
active, the solver deforms the trajectory in real time to remain strictly within the cone,
producing a compliant spiral descent.
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Figure 3.5: Conically constrained spiral landing onboard the Crazyflie.

This hardware result highlights the main contribution of the section: conic constraints can
be enforced at real-time rates onboard a severely resource-constrained robot, enabling richer
geometric and physical constraint modeling than standard embedded QP solvers.
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Chapter 4

How can we make Robots Safer?

The previous sections of this thesis focused on improving the efficiency and expressiveness
of embedded optimization-based controllers. These advances are essential for enabling real-
time control on resource-constrained robotic platforms, but richer constraint modeling alone
is not enough. In practice, robots must also operate safely in environments that are geomet-
rically complex, dynamic, and only partially structured. For quadrotors, this may include
maneuvering through clutter under wind disturbances, reacting online to moving obstacles,
or navigating narrow corridors with limited sensing and computation. Similar challenges
arise more broadly across robotics, including locomotion over changing terrain and manip-
ulation of objects with varying geometry and contact conditions. In all of these settings,
the robot must not only optimize efficiently and represent useful constraints, but also reason
explicitly about safety under nonconvex geometry.

In this section, we focus on the quadrotor as a representative embedded robotic platform
due to its widespread use in robotics research and its sensitivity to both computational and
geometric constraints [51]. We show that semidefinite programming, when carefully struc-
tured, provides a practical mechanism for certifiable obstacle avoidance within embedded
model-predictive control.

4.1 Semidefinite Programming in Embedded MPC

Semidefinite programming (SDP) provides a principled framework for convex relaxations
of nonconvex quadratic and polynomial constraints, and has been widely used in offline
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motion planning, trajectory optimization, and safety verification [32], [33], [34], [35], [36],
[37], [38]. In robotics, many obstacle avoidance constraints can be expressed in quadratic
form, making them natural candidates for lifted semidefinite relaxations. However, general-
purpose SDP solvers are typically too computationally expensive and memory-intensive for
real-time receding horizon control, especially on embedded platforms [32], [36].

Safe motion planning and control in dynamic environments remains a central challenge in
robotics. Model-predictive control (MPC) is particularly attractive in this setting due to its
ability to reason explicitly about system dynamics, future constraints, and task objectives,
and MPC-based obstacle avoidance has been demonstrated across a wide range of robotic
platforms and scenarios [5], [10], [21], [40], [52], [53], [54], [55], [56], [57], [58]. Recent ad-
vances in embedded optimization have significantly expanded the practical scope of MPC on
resource-constrained systems [59], [60], [61], including popular packages such as OSQP [18],
CVXGEN [62], ECOS [16], and SCS [19]. In particular, TinyMPC [5] demonstrated that
constrained quadratic MPC problems can be solved at high rates on microcontrollers by ex-
ploiting Riccati structure through a combination of offline caching and first-order methods.
Building on this foundation, subsequent work improved robustness and extended the frame-
work to second-order cone constraints, including thrust limits and friction constraints [43],
[63].

Despite this progress, obstacle avoidance with formal guarantees remains an open problem
in embedded MPC because obstacle constraints are inherently nonconvex. Existing real-
time MPC implementations therefore typically rely on conservative over-approximations or
local convexifications that fail to capture global geometric structure. Examples include
linearized distance constraints and tangent half-space approximations [5], [64], [65], [66],
which, while computationally efficient, can be fragile in practice. Solutions that satisfy
such local approximations may still tunnel through obstacles, requiring substantial heuristic
tuning of scenario-specific safety margins and often failing in the presence of narrow passages,
cul-de-sacs, or moving obstacles [67], [68].

Barrier-function-based methods are also widely used for obstacle avoidance and safety fil-
tering, but they too often require careful tuning to perform well across scenarios [69], [70],
[71]. Hamilton–Jacobi reachability methods can be used to synthesize such safety certifi-
cates without this tuning burden, but do not scale well to high-dimensional systems [72],
[73]. More recently, learning-based barrier functions have been proposed to address both the
tuning and scalability limitations. However, deploying the resulting neural networks in real
time can itself be infeasible on embedded platforms [74], [75].
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The central question addressed in this section is therefore whether semidefinite relaxations
can be incorporated into embedded MPC without destroying the computational structure
that makes cached Riccati-based solvers practical. To answer this, we introduce TinySDP,
a structured PSD-relaxed lifted MPC formulation that preserves stage-wise solver struc-
ture and integrates positive semidefinite cone projections into an ADMM-based embedded
control pipeline. Our approach uses a per-stage convex semidefinite relaxation of nonconvex
quadratic disk-based obstacle avoidance constraints. These relaxations are small, structured,
and compatible with Riccati-based MPC solvers, including real-time cached variants [5]. Cru-
cially, we pair this relaxation with a simple a posteriori rank-1 certificate that converts the
relaxed solution into an explicit geometric safety guarantee at every timestep. When the
certificate holds, it certifies that the true robot position avoids all obstacles despite the use
of a computationally efficient convex relaxation.

This perspective builds on recent observations that lifted convex relaxations can be empir-
ically tight in structured control problems [76]. In particular, recent work has shown that
lifted semidefinite formulations of linear-quadratic control can recover low-rank solutions and
provide exact certificates of optimality [77], [78]. In this thesis, we extend that perspective
to safety-critical embedded MPC.

Despite their success in embedded settings, Riccati-based MPC solvers are typically lim-
ited to constraint classes that preserve stage-wise structure and admit efficient proximal
or projection steps, such as linear and second-order cone constraints. While semidefinite
programming is also a form of conic optimization, it is often considered incompatible with
real-time MPC because general-purpose SDP methods require repeated large matrix fac-
torizations with per-iteration costs that scale cubically in the dimension of the semidefinite
matrix variables.

We show that, by introducing a structured lifting that preserves the computational structure
needed for efficient Riccati-based MPC, these tractability barriers can be bypassed, enabling
real-time, certifiable safety for embedded robotics.

We consider the problem as defined in (2.5) where the inequality constraints are as follows.
First, inputs are subject to box constraints:

umin ≤ uk ≤ umax. (4.1)

Second, safety is enforced via obstacle avoidance constraints on the planar position. Let
pk ∈ R2 denote the planar position component of the state, i.e., pk = Cpxk for a known
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selection matrix Cp ∈ R2×nx . We model obstacles as unions of disks,

Ok,j := {p ∈ R2 : ∥p− ck,j∥2
2 ≤ r2

k,j}, (4.2)

and enforce safety via per-timestep keep-out constraints using (2.19). Such constraints are
inherently nonconvex and present a central challenge for real-time MPC. Our goal is there-
fore to design a receding-horizon MPC controller that enforces (2.19) with explicit safety
guarantees, while remaining compatible with embedded solvers based on Riccati recursion.

4.1.1 PSD-Relaxed Lifted MPC

4.1.1.1 Lifted Dynamics and Costs

We introduce lifted second-order moment variables intended to represent the outer products
of the state and input,

Xk ≈ xkx⊤
k , XUk ≈ xku⊤

k , UXk ≈ ukx⊤
k , UUk ≈ uku⊤

k ,

as commonly done in semidefinite relaxations of control and trajectory optimization prob-
lems [32], [33]. The notation “≈” denotes relaxed moment variables that coincide with the
relevant outer products when the lifted solution is rank-1.

We define the lifted state and lifted input as,

x̄k :=
 xk

vec(Xk)

 , ūk :=


uk

vec(XUk)
vec(UXk)
vec(UUk)

 . (4.3)

The lifted initial condition is fixed as,

x̄0 =
 x0

vec(x0x
⊤
0 )

 , (4.4)

so that the lifted state is rank-consistent at initialization, as required by the rank-1 certificate
introduced later.

Using the identity vec(Axx⊤A⊤) = (A ⊗ A)vec(xx⊤) and expanding xk+1x
⊤
k+1 = (Axk +
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Buk)(Axk + Buk)⊤, the lifted dynamics induced by xk+1 = Axk + Buk remain linear in the
lifted variables:

x̄k+1 = Ā x̄k + B̄ ūk, (4.5)

Ā =
A 0

0 A⊗ A

 , B̄ =
B 0 0 0

0 B ⊗ A A⊗B B ⊗B

, (4.6)

where Ā and B̄ are formed from Kronecker products.

The quadratic stage cost in (2.5) is applied to the physical variables extracted from the lifted
decision variables via,

xk = Cxx̄k, uk = Cuūk, (4.7a)
Cx :=

[
Inx 0

]
, Cu :=

[
Inu 0 0 0

]
, (4.7b)

ℓ(xk, uk) = x̄⊤
k Q̄ x̄k + ū⊤

k R̄ ūk, (4.7c)
Q̄ := C⊤

x QCx, R̄ := C⊤
u RCu. (4.7d)

4.1.1.2 Lifted Geometric Constraints

As pk = Cpxk ∈ R2, we can define the corresponding block of the lifted second moment
matrix as,

X
(p)
k := CpXkC⊤

p ∈ R2×2, (4.8)

noting that in the exact case where Xk = xkx⊤
k this reduces to X

(p)
k = pkp⊤

k .

The nonconvex disk obstacle avoidance constraints (4.2) can thus be expanded as,

∥pk∥2
2 − 2c⊤

k,jpk + ∥ck,j∥2
2 ≥ r2

k,j. (4.9)

Replacing ∥pk∥2
2 with trace(X(p)

k ) yields the following lifted affine inequality constraint which
is linear in the lifted variables and is exact when Xk = xkx⊤

k ,

trace(X(p)
k )− 2c⊤

k,jpk + ∥ck,j∥2
2 ≥ r2

k,j. (4.10)
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4.1.1.3 Per-Stage PSD Constraint

We impose a per-stage positive semidefinite constraint on the augmented state–input moment
matrix:

Mk(x̄k, ūk) :=


1 x⊤

k u⊤
k

xk Xk XUk

uk UXk UUk

 ∈ S1+nx+nu . (4.11)

In the exact, non-relaxed case, Mk is rank-1. Relaxing to Mk ⪰ 0 yields a convex relaxation
that permits Xk ̸= xkx⊤

k and similarly for XUk, UXk, and UUk when obstacle constraints
are active. In our approach, the tightness of the relaxation is assessed a posteriori using a
rank-1 safety certificate described in Section 4.1.3.

4.1.1.4 Lifted MPC Problem

The resulting MPC problem is posed over lifted variables {x̄k}N
k=0 and {ūk}N−1

k=0 with: (i)
linear lifted dynamics (4.5), (ii) lifted costs (4.7), (iii) input bounds (4.1) on the physical
inputs uk, (iv) lifted geometric inequalities (4.10), and (v) per-stage PSD constraints (4.11).
This problem is convex but includes per-stage semidefinite constraints, which are not directly
supported by existing embedded solvers. We next show how to solve this problem efficiently
using ADMM while preserving Riccati structure.

4.1.2 Riccati–ADMM Solver for PSD-Relaxed Lifted MPC

We solve the PSD-relaxed lifted MPC problem using a Riccati-based ADMM, extending the
TinyMPC framework [5] to incorporate per-stage semidefinite constraints while preserving
its computational structure.

4.1.2.1 Half-Vectorization

Let svec : Sp → Rp(p+1)/2 denote the
√

2-scaled half-vectorization operator such that

⟨A, B⟩F = svec(A)⊤svec(B), (4.12)

and let smat denote its inverse mapping.
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4.1.2.2 PSD Splitting via ADMM

We introduce a PSD slack variable Sk ∈ Sp
+ and a scaled dual variable Hk ∈ Sp for the

coupling constraint, where Mk(x̄k, ūk) is the per-stage state–input moment matrix defined
in (4.11) and p := 1 + nx + nu,

Mk(x̄k, ūk) = Sk. (4.13)

Using the scaled form of ADMM, each iteration alternates between a primal update, a PSD
projection, and a dual update. To simplify notation, we define the augmented stage cost,

ℓk(x̄k, uk) + ρpsd

2
∥∥∥Mk(x̄k, ūk)− Sk + Hk

∥∥∥2

F︸ ︷︷ ︸
ℓ̃k(x̄k,uk;Sk,Hk)

. (4.14)

The ADMM updates are thus given by,

(x̄, u)+ = arg min
x̄,u

N−1∑
k=0

ℓ̃k(x̄k, uk; Sk, Hk), (4.15)

S+
k = ΠSp

+

(
Mk(x̄+

k , ū+
k ) + Hk

)
, (4.16)

H+
k = Hk + γpsd

(
Mk(x̄+

k , ū+
k )− S+

k

)
. (4.17)

where ρpsd > 0 is the penalty parameter, and γpsd ∈ (0, 1] is an optional under-relaxation
factor. Here ΠSp

+
(·) denotes the Euclidean projection onto the positive semidefinite cone:

ΠSp
+
(Y ) := arg min

X⪰0
∥X − Y ∥2

F . (4.18)

This projection has the analytic solution

ΠSp
+
(Y ) = V diag

(
max(λ, 0)

)
V ⊤, (4.19)

where V diag(λ)V ⊤ is the eigen-decomposition of Y .
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4.1.2.3 Primal Update (Riccati Step)

With the slack and dual variables fixed, the primal subproblem (4.15) is an equality-constrained
quadratic program with linear dynamics and quadratic cost. If we define

Tk := Sk −Hk, (4.20)

the augmented term contributes a linear inner-product term −ρpsd⟨Tk, Mk(x̄k, ūk)⟩F , which
is absorbed into the linear cost coefficients via adjoint mappings L⊤

x (·).

Crucially, the system dynamics remain unchanged, and the resulting lifted LQR problem
can be solved efficiently using a backward–forward Riccati recursion. As in TinyMPC [5],
the Riccati factorization can be cached across ADMM iterations, preserving real-time per-
formance.

4.1.2.4 PSD Projection and Dual Update

The PSD slack update (4.16) is performed via eigenvalue thresholding, projecting onto the
cone Sp

+ with p := 1 + nx + nu. The dual variable is then updated according to (4.17). The
complete algorithm is summarized in Algorithm 1.

4.1.3 A Posteriori Rank-1 Safety Certificate

Trace Gap and Lifted Margin Let pk ∈ R2 be the position at time k and X
(p)
k ∈ R2×2

be the position block of the lifted moment matrix. We define the trace gap as

∆k := trace(X(p)
k )− ∥pk∥2

2. (4.21)

This scalar quantifies the deviation from rank-1: ∆k = 0 implies the relaxation is exact,
while ∆k > 0 indicates the lifted second moment effectively occupies more volume than the
physical state. Similarly, for obstacle j with center cj and radius rj, the lifted margin is

ηk,j := trace(X(p)
k )− 2c⊤

j pk + ∥cj∥2
2 − r2

j , (4.22)

which corresponds directly to the linear constraint in the solver.
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Algorithm 1 TinySDP: PSD-Relaxed Lifted MPC
1: function TinySDP_Offline(Lifted Model & Costs)
2: Construct lifted dynamics (Ā, B̄) via (4.5)
3: Construct lifted quadratic costs (Q̄, R̄) via (4.7)
4: for ρ ∈ [ϱ] do
5: Compute and cache quadratic gains for the

lifted LQR subproblem via (2.3)
6: end for
7: end function

8: function TinySDP_Online(xinit, Obstacles O)
9: Lift state: x̄0 ← [x⊤

init, vec(xinitx
⊤
init)⊤]⊤

10: while not converged do
11: // Primal Update (Riccati Step)
12: qk, rk ← Map duals H to linear costs via adjoint
13: dk, pk ← Update linear terms via (2.3)
14: x̄, ū← Forward rollout via (2.2)
15: // PSD Projection and Dual Update
16: for k = 0 to N − 1 do
17: Form moment matrix Mk(x̄k, ūk) via (4.11)
18: Sk ← PSD Projection via (4.16)
19: Hk ← Dual Update via (4.17)
20: end for
21: end while
22: return u0
23: end function

Certification Logic The true squared clearance to obstacle j is given by δk,j := ∥pk −
cj∥2

2 − r2
j . Substituting the definitions above yields the identity

δk,j = ηk,j −∆k. (4.23)

Let ηmin
k := minj ηk,j. It follows that if

ηmin
k ≥ 0 and |∆k| ≤ ηmin

k , (4.24)

then δk,j ≥ 0 for all j, certifying that the state at timestep k is collision-free.

The rank-1 condition is sufficient but not necessary. A certification failure occurs when
either the lifted margin is negative (ηmin

k < 0) or the relaxation gap exceeds the available
lifted margin (|∆k| > ηmin

k ). Even when the relaxation is not exactly rank-1, however, the
trace-based certificate (4.24) can still certify geometric clearance from obstacles. When the
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Algorithm 2 TinySDP with Online Certificate
1: function TinySDP_Step(xk, Obstacles O, uhover)
2: // Solve with TinySDP
3: (x̄k:k+N , ūk:k+N−1)← TinySDP_Online(xk,O)
4: // Verify solution quality
5: ∆k ← Compute trace gap via (4.21)
6: ηmin

k ← minj ηk,j via (4.22)
7: if ηmin

k ≥ 0 and |∆k| ≤ ηmin
k then

8: uk ← ūk ▷ Apply certified control
9: else

10: uk ← uhover ▷ Fallback (hover/brake)
11: end if
12: return uk

13: end function

certificate fails, the relaxation may be too loose; the physical state pk may still be safe, but
we can no longer provide a mathematical guarantee.

Online Safety Monitor To ensure robustness in deployed settings, we integrate a stan-
dard failsafe strategy into the control loop as a runtime monitor (Algorithm 2): if the planner
produces an uncertified solution, the system discards the update and executes a safe fall-
back such as hovering or braking. This ensures that uncertified control inputs are never
applied to the physical system, although we do not claim formal guarantees under arbitrary
disturbances.

4.1.4 Experiments

We designed our experiments to evaluate both static and dynamic obstacle avoidance in
geometries known to expose common failure modes of local and reactive methods. In the
static setting, we consider a concave U-shaped cul-de-sac with the goal located beyond the
obstacle, a canonical configuration known to induce deadlock or failure for local planners and
reactive safety filters [79], [80]. In the dynamic setting, we construct a scenario consisting
of a static obstacle directly in front of the agent together with two moving obstacles that
periodically close a narrow passage, resulting in a three-obstacle interaction that requires
the controller to continuously update its avoidance strategy online rather than rely on one-
shot reactive planning. Finally, we deploy our method onboard a Crazyflie to evaluate its
real-world feasibility.
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We compare TinySDP against three baselines:

• TinyMPC-LIN, which enforces obstacle avoidance using linearized tangent half-space
constraints [5];

• TinyMPC-HOCBF, which enforces relative-degree-2 control barrier function con-
straints within TinyMPC, inspired by [67], [70]; and

• RPCBF [81], a sampling-based policy safety filter evaluated on the same system
dynamics.

For all experiments, all methods use identical discrete-time dynamics, input bounds, hori-
zon length, and obstacle geometry unless otherwise specified. To ensure a fair comparison,
we evaluate TinyMPC-LIN and TinyMPC-HOCBF first with zero additional safety mar-
gin, benchmarking against TinySDP, which inherently requires no additional margin. For
RPCBF, we also use zero safety margin while tuning the underlying α parameters for best
performance.

To additionally provide a best-case analysis for the linearized baselines, we perform a grid
search to determine the minimum safety margin required for TinyMPC-LIN and TinyMPC-
HOCBF to successfully navigate the benchmarks. Our ablations show that these methods
require margins of at least 1.5 m to avoid collision. Such values are highly impractical for the
target class of small embedded aerial robots, whose widths are on the order of 100 mm [51].
On such platforms, a 1.5 m safety buffer inflates the effective collision footprint by more than
17×, fundamentally limiting the ability of the robot to operate in the confined environments
for which agile micro-aerial vehicles are often designed.

4.1.4.1 Static Obstacle Avoidance

We first evaluate TinySDP against the baseline methods in a static U-shaped obstacle envi-
ronment composed of overlapping disks. Four representative initial conditions are considered:
starting inside the cul-de-sac, outside the center opening, near the upper edge, and near the
lower edge. Figure 4.1 visualizes the resulting trajectories, and Table 4.1 summarizes per-
formance in terms of path length, distance to goal, and collision status.

TinyMPC-LIN and TinyMPC-HOCBF with zero safety margin collide for every start sce-
nario. Failures in TinyMPC-LIN arise from its reliance on nominal-dependent tangent half-
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space constraints, which do not impose a global geometric keep-out condition and may remain
inactive until the system is already in an inevitable collision state. Similarly, TinyMPC-
HOCBF enforces a continuous-time barrier condition evaluated only at discrete sampling
instants; in the presence of bounded inputs and concave, trap-like geometries, this local
reactive formulation fails to prevent collisions.

While TinyMPC-LIN can safely navigate the cul-de-sac with a 3.1 m safety margin, this buffer
is approximately 30× the Crazyflie diameter, making the approach impractical for real-world
deployment in confined environments. Moreover, the inflated obstacle boundaries overlap
the goal region, forcing the solver to terminate approximately 1.4 m away from the target.
TinyMPC-HOCBF fails to avoid collisions regardless of the safety margin, highlighting the
limitations of local reactive formulations in concave environments where constraint conflicts
arise under finite control authority.

Table 4.1: Static U-shape results for four initial conditions.

Start Method Path Len Goal Dist Safe

Inside TinySDP (ours) 17.95 0.006 ✓

RPCBF 26.03 0.091 ✓

TinyMPC-LIN (m=3.1m) 18.38 1.400 ✓

TinyMPC-LIN (m=0m) – – ✗

TinyMPC-HOCBF (m=3m) – – ✗

TinyMPC-HOCBF (m=0m) – – ✗

Outside Center TinySDP (ours) 10.15 0.021 ✓

RPCBF 31.03 0.093 ✓

TinyMPC-LIN (m=3.1m) 24.58 1.400 ✓

TinyMPC-LIN (m=0m) – – ✗

TinyMPC-HOCBF (m=3m) – – ✗

TinyMPC-HOCBF (m=0m) – – ✗

Edge Up TinySDP (ours) 9.93 0.023 ✓

RPCBF 36.81 0.132 ✓

TinyMPC-LIN (m=3.1m) 18.58 1.400 ✓

TinyMPC-LIN (m=0m) – – ✗

TinyMPC-HOCBF (m=3m) – – ✗

TinyMPC-HOCBF (m=0m) – – ✗

Edge Down TinySDP (ours) 9.93 0.023 ✓

RPCBF 36.25 0.108 ✓

TinyMPC-LIN (m=3.1m) 23.64 1.400 ✓

TinyMPC-LIN (m=0m) – – ✗

TinyMPC-HOCBF (m=3m) – – ✗

TinyMPC-HOCBF (m=0m) – – ✗
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Figure 4.1: Static U-shape benchmark. Trajectories for TinySDP (blue), RPCBF (red),
TinyMPC-LIN (green), and TinyMPC-HOCBF (purple) across four initial conditions. Key
takeaway: TinySDP consistently navigates the cul-de-sac to reach the goal. In contrast,
TinyMPC-LIN (light green) and TinyMPC-HOCBF with any margin crash or get stuck.
While the tuned TinyMPC-LIN (dark green) becomes safe with a 3.1 m margin, this inflated
buffer forces the solver to terminate far from the actual goal. RPCBF safely navigates the
scenario, but yields significantly longer, more conservative paths than TinySDP.

RPCBF [81] is the strongest baseline and remains collision-free in all cases with zero safety
margin. However, it follows a more conservative strategy and therefore produces substan-
tially longer trajectories than TinySDP.

Overall, TinySDP achieves 31–73% shorter paths than RPCBF and 2–59% shorter paths
than the tuned TinyMPC-LIN baseline. TinySDP also consistently reaches within 0.02 m of
the goal across all scenarios, making it 4–15× more precise than RPCBF and roughly 70×
more precise than TinyMPC-LIN. These results show that the lifted semidefinite formulation
captures the global geometry of the obstacle configuration substantially better than local
linearized or barrier-based approximations, while avoiding the need for impractically large
safety margins.
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Figure 4.2: Dynamic moving-gap benchmark. Time-lapse comparison of TinySDP
(blue) against RPCBF (red) and the linearized baselines (green, purple). Key takeaway:
TinySDP anticipates the moving obstacle, deviating early to maintain clearance. The zero-
margin baselines (light green, light purple) fail to anticipate the motion and collide. The
tuned baselines (dark green, dark purple) achieve safety only by using impractically large
margins (1.5 m and 3 m, or roughly 17–30× the size of the drone).

4.1.4.2 Dynamic Obstacle Avoidance

We next evaluate all methods in a dynamic obstacle scenario consisting of a static disk near
the start together with moving disks that periodically open and close a narrow passage. This
benchmark requires the controller to update its avoidance strategy continuously over time,
rather than relying on a one-shot reactive response.

Quantitative results are summarized in Table 4.2, with representative trajectories shown in
Figure 4.2. As illustrated, TinySDP successfully reaches the goal while maintaining pos-
itive clearance and remaining rank-1 at every timestep. In contrast, TinyMPC-LIN and
TinyMPC-HOCBF with zero safety margin both collide early, as local linearizations and
discrete-time barrier evaluations are insufficient for rapidly changing obstacle geometries.
While these methods can be made safe by introducing margins of 1.5 m and 3 m respectively,

Table 4.2: Dynamic obstacle scenario results.

Method Path Len Goal Dist Safe
TinySDP (ours) 19.11 0.018 ✓

RPCBF 27.33 0.069 ✓

TinyMPC-LIN (m=1.5m) 13.61 0.023 ✓

TinyMPC-LIN (m=0m) – – ✗

TinyMPC-HOCBF (m=3m) 33.80 0.077 ✓

TinyMPC-HOCBF (m=0m) – – ✗
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such values are 17–30× the size of the drone and are therefore impractical for real dynamic
environments with narrow corridors. RPCBF again remains collision-free, but does so by
following a more conservative strategy, yielding substantially longer paths.

Quantitatively, TinySDP achieves 30% shorter paths than RPCBF and 43% shorter paths
than the tuned TinyMPC-HOCBF baseline. While tuned TinyMPC-LIN with a 1.5 m margin
produces the absolute shortest path at 13.61 m, TinySDP converges 1.3× closer to the goal
(0.018 m versus 0.023 m) and is 3.8–4.3× more precise than RPCBF and TinyMPC-HOCBF,
respectively. The shorter path length of tuned TinyMPC-LIN appears to result from a
favorable timing effect: its trajectory approaches the interaction region only after the moving
obstacle has already cleared the path, effectively bypassing the most difficult portion of the
avoidance task. In contrast, TinySDP actively deviates while the obstacle is still blocking
the path, ensuring certified safety at the cost of a slightly longer but more broadly reliable
trajectory.

These results show that TinySDP can combine online adaptivity with certifiable safety in
environments where both geometry and feasibility change over time, while remaining com-
patible with an embedded receding-horizon implementation.

4.1.4.3 Extension to 3D Obstacle Avoidance Demos

The proposed lifting is not inherently limited to planar obstacle avoidance. In a 3D setting,
lifting the position state [1, x, y, z]⊤ yields a 4×4 moment matrix, so the same lifted semidefi-
nite obstacle-avoidance formulation and applied-state certificate structure used in the planar
case extend naturally to spherical obstacles. More broadly, the same construction can also
be applied to other quadratic sets such as ellipsoids and cylinders. Of course, these richer
geometric formulations require larger PSD cones and therefore more expensive projections,
leading to tighter embedded compute and memory tradeoffs.

To illustrate this extension, we consider two dynamic 3D scenarios: Sweeping Barrier and
Vertical Gate. In Sweeping Barrier, two moving spheres sweep laterally across the route while
a third upstream sphere blocks the direct start-to-goal path, requiring an early nonplanar
deviation rather than a purely reactive planar sidestep. In Vertical Gate, two static side
spheres together with a centrally located sphere oscillating in height create a time-varying
3D passage, forcing a timed ascent–descent maneuver rather than a planar bypass. Repre-
sentative trajectories are shown in Figure 4.3. In both scenarios, TinySDP reaches the goal
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Figure 4.3: 3D dynamic obstacle avoidance extension. TinySDP navigating two dy-
namic 3D sphere scenarios: Sweeping Barrier (top) and Vertical Gate (bottom). The two
rows provide complementary views of the same 3D motion, while the columns show the
approach, midpoint, and end of the maneuver. The white dotted path indicates the di-
rect start-to-goal line, which would intersect the obstacle field. Key takeaway: TinySDP
extends naturally to 3D sphere avoidance, executing nonplanar maneuvers with positive
clearance in both scenarios.

while remaining collision free, demonstrating that the lifted semidefinite formulation extends
naturally beyond planar obstacle avoidance as well.
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Figure 4.4: Front (top) and side (bottom) views of the Crazyflie maneuvering to avoid the
moving arm. From left to right: Before, During, and After avoidance.

4.1.4.4 Real-World Deployment on a Crazyflie

To validate real-world feasibility on a resource-constrained platform, we deploy TinySDP on
a Crazyflie 2.1 Brushless quadrotor powered by an STM32F405 microcontroller (168 MHz)
with only 192 KB of SRAM. We apply the semidefinite relaxation only to the planar position
of the quadrotor’s 12-dimensional state, (px, py), yielding a compact 3× 3 moment matrix,

Mk =


1 px py

px p2
x pxpy

py pxpy p2
y

 ,

for which the PSD constraint Mk ⪰ 0 is enforced via projection within the ADMM solver.
Because the nonconvex obstacle constraints depend only on planar position, this corresponds
to the minimal task-induced lift sufficient to certify geometric clearance. The remaining
state variables—including altitude, velocity, and attitude—are handled using standard box
constraints, as in prior work [5].

The solver runs fully onboard at 25 Hz with a 20-step horizon. Despite the limited compute
available on the STM32F405, TinySDP achieves an average execution time of only 14 ms
per iteration, leaving substantial margin within the 40 ms control period for the remainder
of the flight stack. A low-level PID controller tracks the planned trajectory at 500 Hz. We
validate the method in a dynamic obstacle avoidance scenario in which the Crazyflie flies 1 m
forward while a robotic arm sweeps horizontally across its path. As shown in Figure 4.4, the
quadrotor successfully anticipates the moving obstacle, autonomously deviates to maintain
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safety, and then returns toward the goal once the path becomes clear.

As shown in Figure 4.5, the online safety certificate (Section 4.1.3) remained valid at every
control step throughout the flight across five independent trials, with the observed trace
gap remaining near zero throughout. On hardware, we evaluate the certificate with a small
numerical tolerance of ε = 10−2 to account for finite-precision arithmetic on the embedded
platform. These results confirm that the rank-1 geometry was preserved even under real-
world sensing, actuation, and modeling imperfections. More broadly, this hardware result
shows that semidefinite constraints are not limited to offline planning or large-scale compute
platforms: when carefully structured, they can be enforced at real-time rates on embedded
robotic systems.
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Figure 4.5: Evolution of the rank-1 certificate as the Crazyflie avoids the moving arm,
demonstrating certifiable safety during real-world operation.
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Chapter 5

Designing Robust Solvers

The previous sections of this thesis focused on making embedded MPC more expressive
and safer through richer constraint modeling and semidefinite safety reasoning. However,
improved formulations alone do not guarantee good practical performance. Even when the
controller can represent useful constraints and reason about safety, solver behavior can still
degrade significantly if the underlying numerical parameters are poorly chosen. This is
especially true for ADMM-based embedded MPC, where convergence speed and robustness
depend strongly on the penalty parameter ρ.

Caching-based embedded MPC can dramatically reduce the online computational burden of
Riccati-based ADMM solvers by moving the dominant matrix computations offline. This
is a key ingredient in making optimization-based control feasible on resource-constrained
platforms. However, the resulting speedups come with an important tradeoff: the cache is
constructed for fixed solver hyperparameters, and in particular for a fixed value of the ADMM
penalty parameter ρ. In practice, this can be a major limitation, because the convergence
speed and numerical robustness of ADMM are often highly sensitive to the choice of ρ.

In many modern ADMM implementations, ρ is adapted online through heuristics or learned
strategies to balance primal and dual progress and improve convergence behavior [18], [42],
[82], [83]. However, in caching-based embedded MPC methods such as TinyMPC [5] and
Conic-TinyMPC [43], modifying ρ online typically requires recomputing the cache. This
destroys the primary computational advantage of precomputation, since the affected Riccati
quantities must be re-derived at O(n3) cost.

Previous work has attempted to sidestep this problem by precomputing multiple cache sets
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corresponding to different values of ρ [5], [43], [84]. While effective in some cases, this strat-
egy scales poorly on embedded systems: storing multiple cache sets multiplies the memory
footprint, and a discrete library of precomputed values cannot cover the full range of ρ values
that may be useful at runtime.

5.1 First-Order Adaptive Caching

To address these limitations, we introduce First-Order Adaptive Caching [63], a method that
efficiently updates cached Riccati quantities online using first-order sensitivity information.
Rather than recomputing the cache from scratch whenever ρ changes, we precompute both
the cache and its local sensitivity with respect to ρ, enabling lightweight online updates.
This idea is broadly aligned with sensitivity-based approximations used in other areas of
machine learning and numerical computation [85], but is specialized here to the structure of
Riccati-based ADMM caching.

The central question is whether these first-order cache updates can recover the benefits of
adaptive penalty tuning without sacrificing the computational advantages of caching. In
this section, we answer this question through three experiments of increasing complexity:
a controlled near-hover stabilization task to isolate convergence behavior, a microcontroller
timing benchmark over a broad randomized problem set to test embedded feasibility, and
aggressive trajectory tracking under wind disturbances in both simulation and hardware to
evaluate closed-loop robustness.

5.1.1 Method

Our approach builds directly on the cached methods discussed in Section 2.4 and integrates
adaptive tuning of the ADMM penalty parameter ρ, leveraging normalized residual scaling
inspired by OSQP [18] together with efficient updates of the affected cached terms using
sensitivity analysis via automatic differentiation. Through first-order Taylor updates to the
cached variables, we achieve O(n2) online update complexity rather than the O(n3) com-
plexity of full cache recomputation. We also introduce an update-frequency hyperparameter,
τ , that controls how often these updates occur, allowing a direct tradeoff between computa-
tional cost and adaptation quality for efficient embedded implementation.

45



5.1.1.1 Offline LQR Sensitivity via Automatic Differentiation

The ADMM penalty parameter ρ enters the cache through its modification of the cost-
function Hessians:

Qρ = Q + ρIn, Rρ = R + ρIm, (5.1)

which directly affect the solution of the infinite-horizon Riccati terms and the additional
cached variables:

K∞(ρ) = (Rρ + BT P∞B)−1BT P∞A, (5.2a)
P∞(ρ) = Q + AT P∞A

− AT P∞B(Rρ + BT P∞B)−1BT P∞A, (5.2b)
C1(ρ) = (Rρ + BT P∞B)−1, (5.2c)
C2(ρ) = (A−BK∞)T . (5.2d)

We leverage automatic differentiation to compute the sensitivities

∂K∞

∂ρ
,

∂P∞

∂ρ
,

∂C1

∂ρ
,

∂C2

∂ρ
, (5.3)

which are then used online to update the cache at reduced computational cost. Importantly,
storing these additional sensitivity terms increases cache size by only a factor of 1.5×, which
remains practical for embedded platforms.

5.1.1.2 Online Adaptive Cache Updates

To efficiently update the cache online when ρ changes, we use a first-order Taylor approxi-
mation of each cached variable. For example, for K∞ in (5.2),

K∞(ρ + ∆ρ) ≈ K∞(ρ) + ∂K∞

∂ρ
∆ρ, (5.4)

with analogous approximations applied to P∞, C1, and C2. This yields an O(n2) online
update, avoiding the need to resolve the full LQR problem each time ρ changes.

To determine how and when to update ρ, we adopt a strategy inspired by OSQP [18], which
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uses normalized residuals to balance primal and dual progress. Specifically, we compute the
scaling factors

prim_scaling = ∥rprim∥∞

max{∥Ax∥∞, ∥z∥∞, ϕ}
, (5.5)

dual_scaling = ∥rdual∥∞

max{∥Px∥∞, ∥A⊤y∥∞, ∥q∥∞, ϕ}
, (5.6)

where ϕ = 10−8 prevents division by zero. These quantities normalize the residual magni-
tudes relative to the problem data and permit a balanced assessment of primal and dual
progress.

The penalty parameter is then updated according to

ρk+1 = ρk

√
prim_scaling
dual_scaling , (5.7)

and clipped to lie within predefined bounds [ρmin, ρmax] for numerical stability.

To balance computational efficiency with adaptation quality, we introduce an update-frequency
hyperparameter τ , which controls how often these updates occur. In our implementation, ρ

is updated every τ iterations. This provides a direct mechanism for trading off adaptation
frequency against runtime overhead.

Finally, we use the standard ADMM stopping criterion
∥∥∥rprim

∥∥∥
∞
≤ ϵprim AND

∥∥∥rdual
∥∥∥

∞
≤ ϵdual, (5.8)

and summarize the overall online procedure in Algorithm 3.

5.1.2 Experiments

We evaluate First-Order Adaptive Caching [63] across three scenarios of increasing complex-
ity: a near-hover stabilization task to isolate convergence behavior, a microcontroller timing
benchmark over a large randomized problem set to demonstrate embedded feasibility, and
figure-eight trajectory tracking under wind disturbances to stress-test closed-loop robustness.
All experiments use a 12-dimensional state vector and 4-dimensional control input, matching
standard quadrotor dimensions.
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Algorithm 3 First-Order Adaptive Caching
1: Input: Initial ρ0, cache K∞, P∞, C1, C2, and their sensitivities (5.3), ϵprim, ϵdual, τ , ι
2: for k = 0 . . . ι do
3: Run ADMM steps using cached Riccati updates
4: Compute primal and dual residuals
5: if (5.8) is satisfied then
6: break
7: end if
8: if k mod τ = 0 then
9: Calculate scaling factors via (5.5) and (5.6)

10: Compute ρk+1 via (5.7)
11: Clip ρk+1 to [ρmin, ρmax]
12: Compute ∆ρ = ρk+1 − ρk

13: Update cache as in (5.4)
14: end if
15: end for

5.1.2.1 Near-Hover Stabilization

We begin with a controlled quadrotor near-hover scenario that isolates convergence behavior
when state deviations remain small. This provides an idealized environment to quantify
solver-iteration reduction without the additional confounding effects of hardware limitations
or external disturbances. The system uses a 12-dimensional state, a 4-dimensional input,
prediction horizon N = 10, and ADMM tolerances ϵprim = ϵdual = 10−2.

We compare three approaches: fixed ρ tuned through exhaustive grid search, adaptive ρ using
our first-order cache updates with varying update frequencies τ , and full cache recomputation
as an idealized but computationally prohibitive upper bound. Fixed ρ values between 60
and 100 produced the best results, with ρ = 85.0 selected as the optimal fixed value.

Figure 5.1 shows the cumulative ADMM iterations across 100 MPC steps. First-Order
Adaptive Caching consistently outperforms the fixed approach, reducing total iterations by
63.4%, 63.2%, 62.4%, and 61.1% for update frequencies of 1, 5, 10, and 25 steps, respectively.
Full cache recomputation achieves the largest reduction but is not feasible for embedded
deployment. Notably, the first-order method retains most of its benefit even at lower update
frequencies, indicating robustness to τ and suggesting that the adaptation overhead can be
controlled without sacrificing most of the convergence gains.
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Method Total Iterations Speedup
Baseline 9740 -
τ = 1 3561 63.4%
τ = 5 3588 63.2%
τ = 10 3667 62.4%
τ = 25 3792 61.1%
Full Recompute 1036 89.4%

Figure 5.1: Cumulative ADMM iterations across different update frequencies. The fixed
baseline requires the most iterations, while full cache recomputation yields the fewest but
is infeasible on embedded hardware due to its O(n3) cost. First-Order Adaptive Caching
captures a large fraction of the benefit at O(n2) update cost.
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Metric Fixed ρ Adaptive ρ
Mean Solve Time (ms) 23.459 12.488
Median Solve Time (ms) 22.546 10.168
95th Percentile Time (ms) 35.232 29.320
Standard Deviation (ms) 8.834 7.580

Figure 5.2: CDF of solve times for fixed and adaptive ρ across 1000 random problems on a
Teensy 4.1. First-Order Adaptive Caching achieves faster solve times across the distribution
with only modest average overhead from cache updates.

5.1.2.2 Microcontroller Timing Benchmarks

We next test the method on physical embedded hardware to determine whether the overhead
of adaptation outweighs its convergence benefits. We benchmark on a Teensy 4.1 microcon-
troller (IMXRT1062), which provides a 600 MHz ARM Cortex-M7 with 1 MB RAM.

We compare the adaptive and fixed approaches on 100 randomly generated controllable sys-
tems with 12 states and 4 inputs, matching the dimensionality of typical quadrotor models.
For each system, we solve 1000 MPC problems with randomly generated reference trajec-
tories. Unlike the near-hover experiment, which isolates a single operating condition, this
benchmark samples a broad range of hover states, dynamic trajectories, and transitional
motions, giving a more comprehensive picture of runtime robustness.

First-Order Adaptive Caching incurs only 5.4% average computational overhead from cache
updates while reducing mean solve time by 46.8% (12.49 ms vs. 23.46 ms) and median solve
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time by 54.9% (10.17 ms vs. 22.55 ms). The adaptive method solves 97.9% of problems within
the 500-iteration limit, compared to 77.8% for the fixed approach. These results show that
the adaptation overhead is small relative to the convergence benefit, and that the method
improves not only average performance but also solve-time consistency.

5.1.2.3 Figure-Eight Trajectory Tracking Under Wind

While the hover and microcontroller benchmarks demonstrate improved convergence speed
and runtime robustness, the most important question is how the resulting controller behaves
in a dynamic closed-loop setting with external disturbances. We therefore test a quadrotor
executing a high-speed figure-eight trajectory while subjected to wind disturbances in both
simulation and on a 27 g Crazyflie 2.1+ [51].

For this more challenging scenario, we set N = 15 and ϵprim = ϵdual = 10−3, consistent
with the original TinyMPC implementation. Based on the near-hover results, we update
ρ every τ = 5 iterations, which provides a good balance between adaptation benefit and
computational cost. We also limit the maximum ADMM iterations to 10 per control step to
remain compatible with the Crazyflie’s MCU constraints.

Simulation Experiment We initialize ρ = 5.0, the value used in the TinyMPC codebase
for figure-eight maneuvers. This lower value is appropriate for dynamic trajectories with
disturbances, where allowing some transient constraint violation can improve numerical be-
havior relative to aggressively penalizing residual imbalance. The contrast between the hover
scenario (ρ = 85.0) and the figure-eight scenario (ρ = 5.0) highlights a central motivation
for adaptive tuning: the best penalty parameter is often highly scenario dependent.

Wind is modeled as

w(t) = m


cos(θ)
sin(θ)

η

 , (5.9)

where m = 25.5 m/s2 is the nominal wind-acceleration magnitude, θ ∼ U(0, 2π) determines
the horizontal direction, and η ∼ U(−0.3, 0.3) introduces a vertical disturbance component.

In simulation, First-Order Adaptive Caching requires 71.9% fewer iterations under standard
conditions while incurring only 8.6% higher average tracking error. Under wind distur-
bances, it achieves a 20.3% reduction in average tracking error and a 23.0% reduction in
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Metric Standard Wind
F A F A

Avg. L2 Error (m) 0.03 0.03 0.74 0.59
Max. L2 Error (m) 0.09 0.10 1.04 0.80
Avg. Iterations/Step 7.87 2.21 8.98 8.97
Total Iterations 3148 886 3591 3590

Figure 5.3: Tracking performance comparison between fixed (F) and adaptive (A) penalty-
parameter methods under nominal and wind-disturbed conditions. The adaptive method
demonstrates more accurate disturbance rejection while preserving similar iteration counts
under wind.
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Figure 5.4: Crazyflie 2.1+ using First-Order Adaptive Caching under wind disturbances to
execute a figure-eight trajectory (top) and maintain a stable hover (bottom).

maximum error at effectively identical iteration counts, indicating that adaptive tuning al-
locates computational effort more effectively under disturbance. These results suggest that
the benefits of adaptive ρ tuning become more pronounced as the control problem becomes
more demanding.

Hardware Deployment To test robustness in the real world, we deploy the method on a
Crazyflie 2.1+, a 27 g quadrotor with a Cortex-M4 MCU providing 168 MHz, 192 kB SRAM,
and 1 MB flash. As shown in Figure 5.4, the First-Order Adaptive Caching controller suc-
cessfully executes the figure-eight trajectory under fan-generated wind disturbances, closing
the sim-to-real gap.

These hardware results support the main claim of this section: first-order adaptive updates
can recover much of the benefit of online penalty tuning without sacrificing embedded feasi-
bility. The method therefore strengthens the robustness of caching-based MPC not only at
the solver level, but also in the closed-loop behavior of the robot under real disturbances.
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Chapter 6

Conclusion

This thesis studied how to make optimization-based control practical for resource-constrained
robotic systems. While model predictive control offers a powerful framework for handling
dynamics, constraints, and future objectives, its deployment on embedded robotic platforms
is often limited by strict constraints on memory, compute, and latency. These limitations
become even more severe when one seeks not only real-time feasibility, but also robust
convergence, richer modeling expressiveness, and formal notions of safety.

The central theme of this thesis has been that these limitations can be addressed through
careful exploitation of structure. Starting from cached Riccati-based embedded MPC solvers,
we developed a sequence of methods that expand what such solvers can achieve while pre-
serving their suitability for embedded deployment. First, we developed conic extensions of
embedded MPC that support second-order cone constraints, thereby broadening the class of
robotic problems that can be modeled and solved in real time on microcontrollers. Second,
we presented a semidefinite programming framework for embedded MPC that enables cer-
tifiable obstacle avoidance through lifted relaxations and an a posteriori rank-1 certificate.
Third, we introduced First-Order Adaptive Caching, which uses sensitivity information to
update cached quantities online as the ADMM penalty parameter changes, recovering much
of the benefit of adaptive tuning without incurring the full cost of cache recomputation.

Taken together, these contributions show that embedded optimization need not be restricted
to only the simplest quadratic programs or the most conservative constraint approximations.
Instead, by preserving the computational structure of Riccati-based first-order methods while
extending their modeling and certification capabilities, one can build controllers that are
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simultaneously efficient, expressive, and safety-aware. The experimental results across sim-
ulation, microcontroller benchmarks, and onboard Crazyflie deployments demonstrate that
these ideas are not merely theoretical, but are practical for real-world robotic systems oper-
ating under severe resource constraints.

More broadly, this thesis argues for a view of embedded MPC in which solver design is
treated as a core part of robotic system design. Rather than separating formal optimization
methods from embedded deployment concerns, the results here show that the two can be
co-designed. In doing so, they help bridge the gap between advanced optimization theory
and the demands of agile, resource-constrained autonomous robots.
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Chapter 7

Future Work

Several directions remain open for extending the ideas developed in this thesis. A first impor-
tant direction is to move beyond fixed linearizations and time-invariant local models. Much
of the efficiency of the methods in this thesis derives from exploiting repeated structure in
linearized dynamics and quadratic costs. While this is highly effective for platforms such as
the Crazyflie operating near nominal regimes, it becomes more restrictive for robots under-
going strongly nonlinear maneuvers, contact-rich interactions, or broad changes in operating
conditions. Future work should therefore explore how structure-exploiting cached methods
can be extended to piecewise-linear, time-varying, or nonlinear model classes without losing
their embedded feasibility.

A second direction is to strengthen the theoretical understanding of the approximation
schemes introduced here. For First-Order Adaptive Caching, this includes tighter anal-
ysis of sensitivity-based updates, error accumulation, and stability under repeated online
adaptation. For the semidefinite safety framework, it includes characterizing when lifted re-
laxations remain tight, when certificates fail conservatively, and how such certificates behave
under disturbances, model mismatch, and state-estimation error. A more complete theory
in these directions would improve both practical tuning and formal trustworthiness.

A third direction is to expand the class of constraints and safety models that can be sup-
ported in embedded MPC. This thesis considered second-order cone and semidefinite con-
straints motivated by thrust limits, glideslope constraints, and obstacle avoidance. Future
work could investigate richer geometric representations, higher-order convex relaxations, and
tighter safety certificates that remain compatible with first-order structure-exploiting solvers.

56



In particular, identifying the boundary between expressiveness and embedded tractability
remains a central research challenge.

A fourth direction is broader hardware validation. The Crazyflie platform provides a valu-
able testbed, however, the methods in this thesis could be evaluated further on additional
robotic platforms, including ground vehicles, legged systems, robotic manipulators, and other
aerial systems with more aggressive dynamics or richer contact behavior. Such deployments
would help determine which solver abstractions generalize well and which must be specialized
further for particular robotic domains.

Finally, there is an opportunity to combine the structure-exploiting methods studied here
with learned models, learned certificates, or learned warm-start mechanisms. Although this
thesis focused primarily on optimization and control rather than learning-based methods,
future systems may benefit from combining data-driven adaptation with embedded structure-
preserving solvers. The key challenge will be to do so without sacrificing the predictability,
memory efficiency, and safety properties that make embedded optimization attractive in the
first place.

Overall, the methods developed in this thesis suggest that embedded robotics need not choose
between computational efficiency and advanced optimization capability. Future work should
continue pushing toward controllers that are not only faster, but also more adaptive, more
expressive, and more reliable in the complex environments where intelligent robots must
ultimately operate.
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